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Tunneling dynamics of internal rotation in the nitric acid molecule 
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The Hamiltonian of internal rotation about the 6'., axis in the HNO 3 molecule and its 
H/D-, OI~/O 16-, and NtS/N14-isotopomers was reconstructed using the results of quantum- 
chemical calculations. The Fermi resonance between the torsional (2v 9) and ONO bending 
(v5) vibrations is a characteristic feature of the molecule. Tunneling splittings in the ground 
and excited states were calculated using the perturbative instanton approach. Abnormally large 
changes in the splittings upon isotope substitution of heavy atoms are predicted. 
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Intensive experimental  studies of internal rotation 
in the nitric acid  molecule were carried out  in the 
1950--1960s. The  structure of  the molecule was deter- 
mined from microwave spectra. 1 Detailed study z of  
vibrat ional  s p e c t r a  of  its H- ,  D-,  t aN- ,  and 
15N-isotopomers showed that hindered internal rota- 
tion of the O H  group, corresponding to the torsional 
vibration in p l ana r  stable configurations, occurs in the 
HNO 3 molecule.  A salient feature of  this molecule is 
resonance between the torsional and ONO bending 
vibrations, which  is responsible for the fact that tun-  
neling split t ing o f  the ONO bending vibration in the 
first excited state (35.5 MHz) is comparable with that 
of the second level of torsional vibration (50:7 M H z )  
and far (by some orders of  magnitude) exceeds the 
splittings of  the zero (-3 kHz) and first ( -2  MHz) 
levels of  the latter.  3-7 

The aim o f  this work is to carry out a theoretical 
study of  the H N O  3 molecule and its isotopomers. Tun- 
neling splitt ings found for the ground and lowest excited 

states are in good agreement with experimental data. 
Changes in tunneling splittings upon isotope substitu- 
tion of  H (by D) and heavy nuclei are considered and 
anomalous isotope effects are predicted. A universal 
approach to description of  multidimensional tunneling 
dynamics, called the perturbative instanton approach 
(PIA), has been reported earlier, s - t 4  

The PIA considers tunneling dynamics in low-en- 
ergy potential energy surfaces (PES) of  a rather general 
type. The PES is constructed using 3N - 6 generalized 
reactive coordinates (i.e., a totality o f  generalized coor- 
dinates including the coordinate o f  transition between 
stable configurations) and includes (1) a one-dimen- 
sional (1 D) potential for the angular-tunneling coordi- 
nate 0 and (2) a set o f  small-ampli tude transverse 
coordinates (coupled with r whose frequencies, equi- 
librium positions, and anharmonici t ies  depend on 0. 
Despite the relatively simple structure, such PES pro- 
vide the possibility of  performing calculations with a 
desired accuracy in the low-energy region. 
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Hamiltonian of internal  rotation 
in the nitric acid molecule 

The PES reconstruction ~L]5 is based on analysis of  
the symmetry of  vibrations using the theory of isody- 
namic groups. Potential couplings between the large- 
ampli tude vibration q~ and the set of  small transverse 
vibrations { Y} have the form fko)(~)yk andfgk.(-~)(,) YtYk.. 
Functions ~(1)( ,)  are expanded into a Fourier series. If  
the I D-potential  for e~ has a period of 2~/m (m = 2, 
3 . . . .  ), the Fourier series contains components mq, 
2mq~, ..., the first of which makes  the main contribution 
to the PES. The following types of ~Y-coupling are 
feasible for the lowest expansion terms: 

Csin(m~) Y + 0.5c02 y2 (Sh), 
Coos(me) Y + 0.5~ 2 y2 (Bre), 
0.5c02[1 + Ccos(rn~)/o32] y2 (Asq), (1) 

where C is the potential coupling constant, 0~ is fre- 
quency, and Y denotes a vibration. 

Two additional types of  coupling appear for even m: 

0.5co2[ Y+ Ccos(0.hmr 2 (HI), 
Csin(0.5m0) Y + 0.5r 2 Y-~ (Hga). (2) 

The symmetry of  coupl ing is determined using cor- 
relation diagrams between irreducible representations in 
the point  symmetry groups o f  both the ground and 
transition states and in the isodynamic group. The latter 
is the semi-direct product  o f  the internal group of  a 
nonrigid molecule and the po in t  group for its arbitrary 
orientation along the min imum energy path (MEP).  
For  the HNO 3 molecule (Fig. I), the planar Cs-con- 
figurations are stable (the dihedral  angle $ is equal to 0 
and r0; ~ = re/2 in the C s transit ion state. The Cs| 2 
isodynamic group is i somorphic  to the point group (?2o: 
the elements of the Cs| 2 group,  namely, (E, 9), (C2z, 
r + 7t), (axz, -e~ + tO, and (eb=, - $ )  are respectively 
equivalent to the E, C z, axz, and era operations in the 
C2~ group. The correlation diagram of  irreducible repre- 
sentations of  the point groups for the ground and transi- 
tion states and that of  the isodynamic group is shown in 
Fig. 2. According to this diagram, seven A" and two A" 
vibrations for the ground state are transformed into five 

Fig. 1. Schematic view of HNO 3 molecule. 

AI, one A2, two B t, and one B2 vibration for an 
arbitrary configuration and into six A" and three A" 
vibrations for the transition state. Since the product  o f  
irreducible representations o f  a Y vibration and the 
Fourier componen t  corresponding to the type o f  the 
SY-coupling must be totally symmetric in the Cs| 2 
group, the interaction between ~ (.~ ~ A~) and A l 
vibrations is proport ional  to Ycos(2~), while the interac-  
tion of  the former with B I and B 2 vibrations is respec- 
tively proport ional  to YcosO and Ysin~. 

Thus, the PES of  the HNO3 molecule includes the 
1 D-potential  with a period of  r~ for the torsional tunnel -  
ing coordinate,  five transverse coordinates with Bre- 
coupling, two coordinates with HI-coupling, and one 
coordinate with Hga-coupling with a period of  2~: 

v(x, I rk }) = vo{0.hI[ - cos(2,l,)] + 

+ sC il-co (2, lY  . o  + 

§ y o.s(~(Y~ ,-C~cos~/~) 2 + o . ~ r r  ~ ~+ 
/c=6,7 

+ CsYS sine} + YY "terms. (3) 

where I/o is the height of  the I D-potential  barrier. 
In the above-l isted potential ,  we passed from d imen-  

sional coordinates  ]?~ and frequencies f2 k to d imension-  
less values: 

Yk = J , , , k l lYk .  (~k = ~ a J , / ~ ,  (4) 

where the frequency D.o and the momentum of  inertia I 
are parameters of  the I D-potent ial .  Expression (3) con-  
tains no coordinates  with Sh-coupling, so they are not  
considered below. Evaluation o f  coefficients cckk. showed 
that the contr ibut ion from off-diagonal elements,  ana-  
lyzed earlier, I! is small and only Asq-couplings should 
be taken into account.  

For the kinetic energy operator 7 ~ to be totally sym- 
metric, the product  of  momenta pip) and the correspond- 

C s (GoP) C2, , (G) C~ (G.P) 

A 

A ~ . . . . . . . . . . . . . . . .  A" 

Fig. 2. Correlation diagram of irreducible representations of 
the point groups and the isodynamic group for HNO3 mol- 
ecule. Double lines eonnect irreducible represemations for Bre- 
vibrations (with cos2~ symmetry), solid lines connect Ill-vibra- 
tions (cos~), long-dash lines connect Hga-vibratians (sin0), and 
short-dash lines connect Sh- and T-vibrations (sin2i~). 
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ing Fourier component must belong to the totally sym- 
metric representation Ai of the Cs| 2 group. Taking into 
account that the momenta conjugate to ~, Bre-, HI-, and 
Hga-coordinates belong to the B2, Bj , ,A l, and A 2 re- 
presentations, respectively, let us write T in the form 

f" = 0.5(t + g0o cos2r 
5 

+ y~[0.5(l + gkk C~ + got sin(2O)p, Pk ] + 
k=l 

+0.5 '~" (1 +g~  cos-~)p~ +0.5(1 +g8scos-q~)pg + 
k=6,7 

+ g08 cos(~)p~ps, (5) 

where g,)- are dimensionless kinematic coupling con-  
stants. 

Generalized coordinates can be chosen in such a 
way as to eliminate kinematic couplings between the 
coordinates belonging to the same irreducible represen- 
tation, i.e., to eliminate the addends proportional to 
P~PHI in formula (5). it  can be easily shown that the 
values of  terms describing kinematic couplings propor-  
tional to p~DBr e are small. The contributions from kine- 
matic YY'-couplings of  higher orders can be neglected, tz 

The Schr6dinger equation written in (~, { Y})-coordi- 
nates has the form 

~-V(,,{Yj })t}'t'(~,{ Y~ }) -- 0. (6) 

where ~,J,n2 .... = 7Ent.,2,.../Vo is the dimensionless en- 
ergy and 

-t = /~0 / (~ , , / 7 )  -- vf~01/~ (7) 

is the parameter of  semiclassical expansion. 
This equation is solved using the instanton approach 

based on the assumption that there exists (in imaginary 
time) an extreme tunneling trajectory (ETT), which mini- 
mizes the serniclassical action between the potential 
minima. The action determines the exponent of  the wave 
functions and, consequently, tunneling splittings. The 
P1A. 9-14 uses expansions in powers of the coefficients of  
potential and kinematic couplings when solving semiclas- 
sical Hamilton--Jacobi  equations and the transport equa~ 
tion. The semiclassical wave functions thus found are 
substituted in the generalized Lifshitz--Herring for- 
mula, m which makes it possible to determine tunneling 
splittings for both the ground and lowest excited states. 

Determination of parameters of the Hamiitonian 

The geometry, eigenfrequencies, and eigenveclors of 
vibrations in the ground and transition states were ob- 
tained by the Moller--Plesset  (MP2) method in the 

6-31 IG** basis set using the GAUSSIAN-94  program, t6 
The calculated ground-state geometry is in good agree- 
ment with that determined from microwave spectra l 
(Table 1). For  convenience, along with the conven- 
tional numbering of  vibrations in descending order of 
their frequencies (vk), from here on we will also use 
another numbering, namely, the 0,0-elements and the 
quantum number n will be associated with the tunneling 
coordinate while transverse vibrations Yt (with quantum 
numbers n k, k = I, ..., 8) will be grouped by coupling 
symmetry in order  Bre, HI, Hga. 

Parameters o f  the Hamiltonian defined by formulas 
(3) and (5) can be found using a limited set of quan- 
tum-chemical data on the geometry and normal vibra- 
tions in the ground and transition state. 17,18 Calcula- 
tions of parameters  of  the Hamil tonian describing small 
vibrations of  polyatomic molecules with the only stable 
conf igura t ion  are carr ied out  using the s tandard  
FG-formalism. 19 The presence of  a large-amplitude co- 
ordinate makes the problem much more complicated. 
The choice of  (r ?})-coordinates is ambiguous. Any 
coordinates belonging to the same set of  irreducible 
representations of  the isodynamic group, which de- 
scribes the totali ty of vibrations, can be used to con- 
struct the PES. For  this reason, the number of  vibra- 
tions with a given type of coupling is independent of  the 
choice of  coordinates.  To determine the Hamiltonian of  
a nonrigid N - a t o m i c  molecule ,  the f requency o f  
r at the PES minimum, 3 N -  7 frequencies 
~k of transverse { ?} vibrations, 3N - 7 coefficients of 
~Y-couplings, and (3N - 6)(3N - 7)/2 coefficients of  
Asq- and YY'-couplings should be calculated. 

The difference between the set of  (~,{Y})-coordi- 
nares and the (~,{rl}) moving frame (Fig. 3) used in the 
reaction path Hamiltonian formalism z~ should be em- 
phasized. The large-amplitude coordinate  ~ is chosen to 
be directed along a tangent to the MEP,  while 3 N -  7 
{rl}-coordinates are chosen to be directed normal to the 
MEP. The use o f  the moving frame simplifies calcula- 

Table I. Bond lengths (d) and planar and dihedral angles (tp) in 
the ground and transition states of the HNO 3 molecule 

Parameters State 
ground* transition 

Bond d/A 
H--O(I) 0.969 (0.964) 0.966 
N--O(I) I-.407(1.406) 1:449 
N--O(2) 1.213 (1.211) 1.205 
N--O(3) 1.202 (I.199) 1.205 

Angle 9/deg 
H--O(I)--N 102.04 (102.15) 101.813 
O(I)--N--O(2) 115.67 (115.88) ! 14.625 
O(1)--N--O(3) 113.70 (113.85) 114.625 
O(2)--N--O(3) 130.63 (130.27) 130.685 
O(2)--N--O(I)--H 0.0 -91.299 
O(3)--N--O(I)--H 180.0 91.299 

* Experimental data I are given in parentheses. 
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Fig. 3. System of generalized coordinates for a nonrigid mol- 
ecule. A two-dimensional section including the reactive and 
gated transverse coordinates. Solid line is the minimum energy 
path (MEP), dashed line is the extreme tunneling trajectory; (~,, 
rl) is the frame moving along the MEP; (QI ~ Q2 ~ and (Ql ~, 
Q2 #) are the eigenveetors of normal vibrations in the ground 
and transition state, respectively. 

tions in cases where the E T f  approaches the MEP, 
which occurs if the frequencies of  transverse vibrations 
are higher than that of  @-vibration. However, in the case 
of low-frequency vibrations the ETT strongly deviates 
from the MEP and has a highly curved portion that can 
hardly be taken into account  using the above-mentioned 
formalism, za 

Let us denote the eigenvectors of normal vibrations 
in the ground and transition states as 12 o and i2#, 
respectively. For vibrations with HI-couplings, the sys- 
tem of  (@,{]'})-coordinates does not coincide with the 
12# set, which distinguishes this case from other types of  
couplings. In the vicinity o f  stationary points ~ = @# 
and @ = @0 the potential function V(@, {Y}) and the 
classical kinetic energy T(p, ,  {pr}) become quadratic 
forms of  coordinates (r - 0  ~, { Y -  Y#}) and (@ - ~0, 
{ Y -  1'~ and corresponding conjugate momenta (p,~, 
{prn}) and (p,0, {p~,0}). Let us introduce ( 3 N -  6)• 
(3N - 6) matrices of  transformation of these coordi- 
nates into normal ones: 

= ~ ( ,  _ 0#, {g_ ~}), ~ = po(~ _ ,0, {y_  yo}). (8) 

Once the matrix S o f  transformation of  Qo_ and 
Q#-coordinates is defined, 

12 0 = s ~ ;  (9) 

then, taking into account relationships (8), we get: 

i f '  = ~(P~ ~ S = P ' (~ ) -~ .  (10) 

The p~oblem-of determining the elements of  the /~ attd 
p0 matrices and the above-listed parameters of  the 
Hamiltonian is inverse to the eigenvalue problem for 
normal vibrations. Since the matrices V and T are 
diagonal in Q~ and Q0 coordinates,  diagonalization of  
these pairs of  quadratic forms provides a set of  equa- 
tions for determination o f  the PES parameters. It is 
convenient to choose the dihedral angle (a natural 
coordinate corresponding to change in the geometry 
element) as q-coordinate. 

It is possible to unambiguously  find a set o f  
{]/}-coordinates such that 1) the kinematic matrix G ~ is 
a unit matrix for all types o f  vibrations; 2) the force 
matrix F # is a diagonal Jordan supermatrLx whose diago- 
nal blocks correspond to vibrations of  different symme- 
try; 3) the blocks of P~ matrix, corresponding to Bre- 
and Hga-vibrations, are diagonal, so the eigenfrequencies 
and eigenvectors of these vibrations coincide with ~ :#  
and Q,#, respectively; 4) the blocks of  U matrix, corre- 
sponding to ~- and HI-vibrations, contain off-diagonal 
elements equal to the coefficients of  @Y-couplings; and 
5) off-diagonal elements o f  YY'-couplings in F # are 
equal to zero. The above-listed conditions follow from 
the shapes of  two-dimensional sections of the PES, 
defined by formulas (1) and (2), and take into account 
the fact that the coordinates belonging to the same 
irreducible representation o f  the isodynamic group can 
be chosen to be mutually orthogonal. In the ground 
state the force and kinematic matrices become non- 
diagonal; in the case of  kinematic matrix G o this is due 
to @-dependent kinematic couplings. Using forrn ulas (9) 
and (10) and taking into account  that p~/5# = 1, we get 

6-0 = (p0)-l(p0)-~ = g(iJ#)-i(p#)-iS = ~S, (11) 

where p0 and S are transposed matrices. 
The diagonal elements in the force mat~x/~  are due 

to Asq-couplings, while the appearance of off-diagonal 
elements is due to @Y- and YY'-couplings. Using 
(3N - 6) known frequencies f~k #, from a total of  
( 3 N -  5 ) ( 3 N -  6) transformation equations of  quadratic 
forms G # and k "n it is possible to find ( 3 N -  6) 2 
elements of  the pa matrix and 3 N -  6 frequencies o f  
@- and { Y}-vibrations, which characterize the PES. Us- 
ing relationships (10), the transformation equations o f  
G o are transformed into identities, while f rom 
( 3 N -  5)(3N - 6)/2 transformation equations of  ~ it is 
possible to determine 3N - 7 coefficients of  C-cou-  
plings, 3N - 7 coefficients of  Asq-couplings, and 
( 3 N -  7)(3N - 8)/2 coefficients of  YY'-couplings, i.e., 
( 3 N -  6)(3N - 5)/2 parameters. Thus, the number of  
transformation equations is sufficient to determine all 
the necessary PES parameters. 

The outlined procedure for calculation of parameters 
of  the Hamiltonian has a drawback consisting of neglect 
of higher terms of the expansion in powers of the tunnel- 
ing coordinate. The differences of  the squares o f  the 
frequencies appearing in the secular equations are pro- 
ponional - to  the squares-of the-coefficients--of @ Y- and 
YY'-couplings and to the first degree of coefficients of  

Asq-couplings, so the solutions of the secular equations 
are slightly dependent on the coefficients of  ~ Y-coupling 
making the main contribution to the action and the 
higher-order anharmonicity corrections affect, the accu- 
racy of  Ck determination. Therefore, it is necessary to use 
another method for determining the C~ values, taking 
into account the dependence o f  (@# - @0) and { Y# - y0} 
on internal deformation of  the molecule. 
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For  Bre-,  HI-,  and  Hga-v ibra t ions ,  changes  in 
Y~-coordinates of  the g round  state with respect to those 
o f  the transition state (AYk) are related to the coupling 
constants  by the formula  

C k = tok2aYk, (12) 

which provides 3N - 7 equa t ions  for all types o f  cou-  
pling. The  coefficients C k are  linearly related to A Yk, so 

the accuracy of  thei r  de te rmina t ion  using formula (12) 
is higher  than in the case o f  solving the inverse problem. 

Comparison o f  the geometr ies  o f  the equi l ibr ium 
and distorted t ransi t ion states makes it possible to find 
the displacements a long transverse coordinates A Y k and 
then to calculate the coupl ing  constants  Ck using for- 
mula (12). The results are listed in Table 2. The ele- 
ments of  the S matr ix are listed in Table 3. The  matrix 
p0 is found using relat ionships (10) and is used to 

Table 2. Frequencies (v/cm-I), amplitudes of zero vibrations (AY/.2X amut/2), coupling constants 
(C/co), and contributions to the action (W*) in HI4N1603, HtsNt603, HI6OI4Ntso2, HIgOI4NI602, 
and Dtr molecules 

Vibration Number Coupling AY v0/v ~ to C/to 

HO I Bre -0.008 3799/3843 10.783 0.101 -0.005 
stretching -0.009 3799/3843 10.783 0.109 -0.006 

NO 
antisymmetric 
stretching 

HON 
bending 

NO 
symmetric 
stretching 

NO2 
deformation 

NO2 
out-of-plane 

NO" 
stretching 

ONO" 
bending 

HO 
torsional 

-0.006 3787/3830 10.747 0.077 --0.003 
-0.008 3799/3843 10.783 0.101 -0.005 
-0.008 2766/2798 10.610 0.063 -0.002 

2 HI -0.027 1904/1902 5.335 0.161 0.001 
-0.016 1861/1859 5.217 0.090 0.0 
-0.001 1903/1902 5.337 0.006 0.0 
-0.005 1873/1867 5.238 0.032 0.0 
-0.005 1892/1902 7.212 0.028 0.0 

3 Bre -0.057 1366/1350 3.788 0.242 -0.025 
-0.051 1365/1337 3.753 0.214 -0.020 
-0.090 1359/1348 3.782 0.381 -0.063 
-0.055 1358/1332 3.739 0.227 -0.022 
-0.070 1056/1024 3.884 0.216 -0.020 

4 Bre -0.074 1350/129l 3.622 0.298 -0.038 
-0.078 1333/1284 3.604 0.314 -0.042 
-0.080 1349/1288 3.614 0.324 -0.045 
-0.107 1307/1259 3.532 0.421 -0.075 
-0.013 1352/1329 5.038 0.053 -0.001 

5 Bre 0.138 919/862 2.419 -0.373 -0.055 
0.130 907/849 2.384 -0.346 -0.047 
0.015 910/859 2.410 -0.040 -0.001 
0.175 895/837 2.350 -0.458 -0.082 
0.058 918/861 3.266 -O.150 -0.009 

6 Hga -0.115 770/719 2.009 0.258 -0.042 
-0.116 750/700 1.963 0.254 -0.040 
-0.141 768/715 2.007 0.314 -0.062 
-0.114 762/708 1.988 0.253 -0.040 
-0.088 769/672 2.549 0.177 -0.020 

7 Bre 0.256 676/642 1.800 -0.513 -0.095 
0.253 676/641 1.799 -0.506 -0.093 
0.208 654/618 1.733 -0.401 -0.057 
0.248 658/629 1.764 -0.488 -0.086 
0A91 671/633 2.400 -0.361 -0.05~ 

8 HI -0.248 596/604 1,572 0.433 0.052 
-0.257 594/602 1.559 0.445 0.056 
-0.083 587/592 1.644 0.153 0.006 
-0.299 580/585 1.486 0.495 0.075 
-0.061 556/601 2.270 0.109 0.002 

9 T -- 461/i471 --  -- --  
--  461/i471 --  --  --  
--  459/i469 - -  --  -- 
--  460/i470 - -  - -  -- 
--  341/i345 --  --  --  
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Table 3. S0-Matrix (9) for HNO 3 molecule ( i j  = 0, I . . . . .  8) 

i i 

0 1 2 3 4 5 6 7 8 

0 0.99 0.00 0.00 -0.06 0.00 0.16 0.04 0.03 0.02 
1 -0.12 0.76 0.16 0.00 0.32 0.28 0.41 0.05 0.02 
2 -0.03 -0.18 0.22 0.12 -0.22 0.11 0.07 0.21 -0.04 
3 -0.01 0.00 -0.07 1.03 -0.47 0.12 0.12 0.11 -0.06 
4 -0.04 0.00 0.00 0.28 0.91 0.t I -0.15 -0.01 0.05 
5 -0.10 0.00 0.00 0.00 0.00 0.99 0.05 0.00 0.00 
6 0.24 -0.24 -0.01 -0.18 0.28 -0.15 0.72 0.04 -0.08 
7 0.18 -0.12 -0.27 -0.04 0.22 -0.10 -0_07 0.82 -0.02 
8 0.17 -0.08 0.00 0.15 0.00 -0.34 0.04 0.12 0.82 

determine  the coeff ic ients  o f  k inemat ic  coupl ings  listed 
in Table 4, in which  the coeff icients  of  total ly symmet-  
ric Asq-coupl ings  are also listed. The  ca lcu la ted  normal 
frequencies  o f  all vibrations (see Table  2), except  for v I 
and v 2, differ f rom exper imenta l  data z by factors from 
1.015 to 1.045, which  gives a negligible cor rec t ion  to the 
action. Though  the error  o f  calculat ions  o f  the v t and v 2 
frequencies is 7 to 12%, the cont r ibut ion  o f  cor respond-  
ing vibrations to the act ion is so small  that  this draw- 
back also becomes  insignificant.  

The next step in the PES recons t ruc t ion  is to deter-  
mine the parameters  o f  the ID-po ten t i a l .  Taking into 
account  all potent ia l  and kinemat ic  coupl ings ,  the nor-  

mal frequencies  of  the v 9 tors ional  vibrat ion in the 
ground and transition states (461 and i471 cm - I ,  re- 
spectively) correspond to f r equenc ies  of  476 cm - l  and 
i532 cm - l  at the m i n i m u m  and m a x i m u m  o f  the 
I D-potent ia l ,  respectively. T h e  difference in the magni-  
tudes o f  these frequencies  indica tes  a cont r ibut ion  o f  
higher  Four ier  componen t s .  However ,  the total  ampl i -  
tude o f  the latter does not  e x c e e d  0.03. Neglec t ing  these 
componen t s  and choos ing  the  average value o f  the 
frequencies found above (O.0 = 504 cm -1) as the char -  
acteristic f requency of  the cos ine  barrier, we get the 
PES in the form (1) with d imens ion less  f requencies  of  
the l D-potent ia l ,  equal to ~ and iq-2_, respectively. 

T a b l e  4. Potential (ctkk) and kinematic (gkk') couplings in HNO 3 

Vibration Quantum ctkk,/o~ k g~k g~ 
number 

HO 
torsional 

NO'  n 1 
stretching 

NO2 n 2 
deformation 

NO 
symmetric 
stretching 

n3 

HON n 4 
bending 

- -  0 . 0 1  - -  

- -  0 . 0 1  - -  

- -  0 . 0 1  - -  

- -  0 . 0 1  - -  

- -  0.03 --  

0.198 --0.03 0.0 
0.200 -0 .04 0.0 
0.215 -0~06 0.0 
0.167 -0 .02 0.0 
0.300 0.1 I 0.0 

0.330 0.01 0.0 
0.335 0.01 0.0 
0.298 0.04 0.0 
0.332 -0.01 0.0 
0.445 -0.01 0.0 

0.341 0.33 0.0 
0.278 0.46 0.0 
0.351 0.12 0.0 
0.277 0.30 0.0 
0.175 0.01 0.0 

0.089 -0.05 0.0 
0.157 -0 .04 0.0 
0.062 --0.05 0.0 
O. 146 -0.02 0.0 
0.241 -0.01 0.0 

Vibration Quantum otkto/c0 k ggk g,~ 
number 

HO n 5 -0.243 0.0 0.0 
stretching -0.243 0.0 0.0 

-0.241 0.0 0.0 
0.243 0.0 0.0 

-0.245 0.0 0.0 

ONO" n 6 -0 .045 -0.22 0.0 
bending --0.045 -0.22 0.0 

-0 .029 -0.21 0.0 
-0 .036 -0.22 0.0 
---0.325 -0.28 0.0 

NO n 7 0.008 -0.15 0.0 
antisymmetric 0.008 -0.15 0.0 
stretching 0.006 -0.12 0.0 

0.036 -0.17 0.0 
-0 .077 -0.05 0.0 

NO 2 n 8 0.313 0.14 0.10 
out-of-plane 0.292 0.14 0.10 

0.307 0.14 0.10 
0.311 0.14 0.10 
0.788 0.14 0.05 
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The moment of  inertia of  internal rotation I in the 
HNO 3 molecule is 1.337- 10 -40 g c m  2 (2.60.10 -40 g c m  2 
for DNO3) and the ~ value of  504 cm - l  corresponds to 
a height of the ID-barr ier  of  3035 cm -1. According to 
quantum-chemical calculations, the energy difference be- 
tween the equilibrium transition state and the ground 
state of the H N O  3 molecule, i.e., the adiabatic barrier 
height, Vad, is 2657 cm - t .  As follows from the PES 
shape, the height o f  the 1D-cosine potential barrier V 0 is 
related to V~d by the formula 

( 5 r,~ r2 ] 
- 0 3  --5-§ Y. --r c~ V~d = go l - "-e - "-~ �9 E . . - 2 ~  ~ 1 3 )  

k=lo~k k~6.7 tok 

Unlike other couplings, HI-couplings do not change 
the barrier height; however they increase the effective 
length of the ET'I', i.e., the semiclassical parameter "/. On 
going to dimensionless variables this increase in y is 
equivalent to increase in the adiabatic barrier height, i.e., 
to inclusion of  the third term in Eq. (13). Substitution of 
the coupling coefficients found in formula (13) gives a 
height of  the lD-bar r ie r  (1/~3) of  3346 cm - I ,  which is 
300 cm-I  higher than that calculated above from the D.0 
frequency�9 At the same time, at Vad = 2657 cm - I  the 
adiabatic action Wad = 242~ff~d~j/n is in good agreement 
with that found in the framework of  PIA at V 0 = 
3035 cm - t  (22.548 vs. 22.335, respectively). For this 
reason, further calculations were carried out using V 0 = 
3035 cm -I and D. 0 = 504 cm - j .  With the above-men- 
tioned PES parameters,  the "/ values for HNO3 and 
DNO3 molecules are 8.52 and 12.6, respectively. 

The found fourth-fold nine-dimensional PES is used 
below to analyze tunneling dynamics in the framework 
of  PIA. As follows from the data in Table 2, all trans- 
verse modes, except  for two with the highest frequencies 
v I and v 2, are active and the coupling coefficients Cff(o x. 
lie in the range from 0.20 to 0.50, so the number of 
variables in the dynamic  problem cannot be less than 
seven. Moreover,  strong couplings with v 7 and v s vibra- 
tions whose transverse frequencies are only higher than 
f~0 by factors from 1.6 to 1.8 make it impossible to use 
the adiabatic approximat ion usually employed for ana- 
lyzing tunneling rotations, s 

Calculations of tunneling splittings 

Resonance between the v 5 and 2v 9 vibrations is a 
salient feature o f  internal ro ta t ion ii~ the HNO3 mol-  
ecule. It is believed that Fermi resonances in rigid 
molecules are mainly caused by cross-anharmonicity of 
vibrations (see, e.g., Ref. 21). If  the energy difference 
between vibrational levels is of  the same order of  magni- 
tude as the value of  the matrix element of  Fermi 
interaction F, the eigenvalues are determined by the 
Hamiltonian matr ix of  the two-level system. The same 
mechanism was also considered for nonrigid molecules, 
where the Fermi interaction causes mixing of  symmetric 

and antisymmetric levels of  doublets with closely lying 
energies, described by the Hamiltonians3,Zt: 

;; __  0r .Ao e..E ~.., (~4) 

where n and n" are respectively the quantum numbers of 
longitudinal and any transverse vibrations, and A~ ~ is the 
tunneling splitting of the nth level of torsional vibration; 
fundamental tunneling splitting of the level of resonant 
transverse vibration is neglected in this case. Relation 
(14) shows that Fermi interaction equalizes tunneling 
splittings and, consequently, band intensities of  longitu- 
dinal and transverse vibrations. Both parameters (An~ and 
Fn~.) can be determined from spectroscopic data. 

To solve the dynamical problem is to find relations 
between ~n ~ Inn., and the PES parameters. The increase 
in tunneling spl i t t in~ in the near-Fermi resonance re- 
gions can be explained i~ by mixing of  the (n, n D and 
(n ' ,  nk - I) states (n '  - n = 1, 2 . . . .  ) with close-lying 
energies due to ~ Y-couplings. Since the wave functions of 
these states have the same exponents, the mixing consists 
in expanding the solutions of the transport equation for 
the pre-ex'ponential factor into a perturbative series. The 
coefficients of  this expansion in "pure" (n, nk) states are 
inversely proportional to the energy differences between 
the states, so tunneling splittings increase as (En - En,) -3 
in the near-resonance regions. Far beyond these regions 
the contributions of  several states with different n '  values 
become significant, so the two-level system approxima- 
tion leading to Hamiltonian (14) is no longer valid. Fermi 
resonances affect tunneling splittings, causing, in particu- 
lar, an anomalous isotope effect, i.e., increase in the 
tunneling splittings in excited states upon replacement of  
a light isotope by a heavy one, due to change in the 
frequencies of  resonant states. 

In the framework of  PIA the first-order ETT is 
found from solutions of  the equations of  motion for 
transverse coordinates using r for one-dimensional 
motion. In the case ofper iodic  potential V(~) = 0.5(I - 
cos(2~)), sin ~(t) = l /cosht  is used, while Yk(~) for 
vibrations with Bre-, HI-, and Hga-couplings are de- 
scribed as follows: 

Y~(~) = 

- - . ~  sin 29ie-fk:  -~ dz (Bre) 

g0k s in~ -  

2~k 0 

- & c o s ,  1 -  sin2,~e-~'~ 

(Hga),(15) 

where A = sinhz coshz, B = I + sin2r sinh2z, C = cosh z, 
and ~k = t0ffq'2. Kinematic Bre- and HI- couplings 
change the ETT only in higher orders of  expansion. In 
the case of  ID-potential ,  the action is equal to 2~727. 
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Second-order corrections to the action due to transverse 
vibrations are additive and are calculated using the known 
procedureg,10: 

a w ; = .  

C 2 ~ _ 

242L o 

(C~ +-g0~o~)" 7e-6k~ z dz+ 
2 v/~t~ Jo sinh Z 

+ g0~ (C -~ + gok~-) 

C2 ~ . 
~----'~-';-~ " ( r 1 7 6  2~2 ~ o (HI) 

(Hga). (16) 

As follows from formulas (16), Bre- and Hga-vibra- 
tions reduce the action, thus enhancing tunneling, 
whereas HI-vibrations suppress it. The values of the 
second-order  corrections to the action due to transverse 
vibrations are listed in Table 2. 

In the framework of PIA the tunneling splittings can 
be calculated using the generalized Lifshitz--Herring 
formula as perturbative expansions in powers of  tunnel- 
ing splittings of pure states, t0 For instance, for the 
(0, 1)-state of  the Bre-vibration we have 

2 r  �9 . 

% ,  = ( c ,  11 

co,~ (~k + .,/~-)2 ,401 ] 
4 4.._0.. .  

r3(O~k +2~-fl'(COk + 4 ~ - f -  (CO t - 4 4 2 )  -~ + ' ' j  , (17) 

where 

7 7 1 - - n + - -  a + - -  

22 4,[ 2 
,(0) = 3hn0 exp[-u + 8 IV*)]. (18) 
zan"nk "" ~-J~/'i! 

From relationships (17) and (18) it follows that even 
slight mixing leads to increase in the tunneling splittings 
for excited states of transverse vibrations as compared to 
those for the ground state, due to substantial increase in 
the AOn...nk.." values with increasing n. Asq-couplings 
cause no mixing; however, they contribute to the expo- 
nent, which is independent  o f  y and is proportional to 
the first degree of  the coupl ing constant, t~ The contri-  
bution of  e~c-couplings is taken into account analo- 
gously and leads to the following relationship: 

[ v o "~"~ r ~, 

Results and Discussion 

The three-dimensional  section of  the ETT, found 
from the system of  equations (15) and describing dis- 
placements along the v6, VT, and v 8 coordinates, is 

shown in Fig. 4. Since, according to Eqs. (1) and (2), 
displacements along the Bre-, Hga-,  and Hl-coord i -  
hates have periods of  7z and 2n, the projections of  the 
ETT portions [0, ~/21, try/2, rtl, [~, 3~/21, and [37t/2, 
2~] on the planes of  these vibrations are different and 
form a complex three-dimensional  curve. 

The results of  calculations of  tunneling splittings, 
listed in Table 5, are in good agreement with the experi- 
mental data for the H N O  3 molecule, which provides the 
possibility of  reliable prediction of  anomalous isotope 
effects in isotopomers. The v t and v 2 vibrations with the 
highest frequencies are inactive. Since for vl the Asq- 
coupling is negative, tunneling splitting in the lv I state is 
smaller than in the ground state. Resonance between v 2 
and 4v 9 vibrations slightly affects the splitting because of  
weak coupling. The group of  vibrations at v6, v7, and v 8 is 
due to different types of  0Y-coupling (Fig. 5, a). The lv 6 
Hga-vibration interacts with the Iv 9 vibration, while the 
Iv 8 HI-vibration interacts with the 2v 9 vibration. Both 
levels corresponding to these ( l v  6 and lv8) vibrations are 
far off resonance and are split only slightly. Splitting of  
the Ivy vibrational level is --40 times as much as in the 
ground state because of  mbdng with the 2v 9 vibration and 
strong potential coupling. The lv 3 and Iv 4 vibrations are 
far off resonance; however, they interact with both the 
2v 9 and 4v 9 vibrations, which, taking into account rather 
large coupling coefficients, leads to appreciable splittings. 
Of particular interest is the Iv 5 vibrational level; almost 
exact resonance between this and the 2v 9 vibration results 
in a splitting which is three orders of  magnitude larger 
than that in the ground state. 

Isotope substitution of  heavy nuclei slightly changes 
relative frequencies of  vibrations (i.e., positions of  reso- 
nances); however, it has a pronounced effect on the 
coupling constants. This is due to the fact that each 
normal vibration is a combination of  different stretching, 
bending, and deformation vibrations of  the same symme- 

O. I0 3'~/2 . 

i 

~ 0 -  0 . I 0 ~ I  02  

- 0 .  I ,,oe~G',. 'v'~ %% o,.,o' 0.15 " ~ ' ~ - - 0 . 2  

Fig. 4. Three-dimensional section of ETT in the HNO 3 mol- 
ecule. The E'l-l" projections on the planes are shown by thin 
lines. 
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Table 5. Calculated and experimental 3-'7 tunneling splittings (cm -I) of the zero and lowest excited vibrational levels of the 
HNO 3 molecule and its isotopomers 

State HI4NI603 HISNIbO3 HI8OI4N~60~ HIaNI6OIsO2 DNO 3 HNO 3 (experimental 3-7) 

0 8.53.10 -7 7.97- 10 -7 5.28. 10 -7 8.91" 10 -7 9.50 
Iv 9 7.58- 10 -5 7.02- 10 -5 4.40. 10 -5 8.99- 10 -5 2.00 
2v 9 1.84- I0 -3 2.05" 10 -3 1.66- 10 -3 2.45.10 -3 1.16 
Iv s 9.60.10 -6 9.84" 10 -6 3.07- 10 -6 1.61" 10 -5 5.42 
Iv 7 3.33- 10 -5 3.02" 10 -5 9.52- 10 -5 2.60" 10 -5 1.34 
Iv 6 3.54.10 -6 3.46.10 -6 2.93. t0 -6 3.68.10 -6 2.02 
Iv 5 1.23- 10 -3 7.64- 10 -4 1.61 �9 10 -5 9.16- 10 -4 5.02 
Iv 4 4.48' 10 -5 4.73" 10 -5 3.38. 10 -5 1.09" 10 -4 1.83 
Iv 3 3.26- 10 -5 2.25- 10 -5 6.12. 10 -5 2.83" 10 -5 5.48 
Iv 2 4.70. 10 -6 3.28 �9 10 -6 9.24" 10 -7 2.57- 10 -6 1.99 
Iv I 7.48- 10 -7 7.51 �9 10 -7 7.02- 10 -7 7.48.10 -7 8.02 

10-tt _10-7 
10 --9 6.66" 10 -5 
t0 -7 1.69' 10 -3 
10-t+ 
10-~ 
lO-)l 
10 -1~ 1.18- 10 -3 
10-9 
i0-49 
lO-qO 
10-it 
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Fig. 5. Coefficients of potential and Asq-couplings in vibrational spectra of HNO 3 (a) and DNO 3 (b) molecules. 

I 

1500 v/era -1 

try. For instance, the NO 2 bending vibration, dominat ing 
at vs, is strongly mixed with the N O "  stretching vibration 
and H O N  bending vibration. Almost  no mixing occurs in 
the HIsO(Nt602)  isotopomer,  which is the reason for 
appreciable decrease in the coupl ing constant C and, as a 
consequence,  for substantial decrease in the tunnel ing 
splitting. Unlike the isotopomers  considered, resonances 
for the D N O  3 molecule  are appreciably shifted (see 
Fig. 5). The frequency of  the v 9 vibration decreases by a 
factor o f - q 2 ,  whereas o ther  frequencies remain un-  
changed+ excopt- for v t and- Vy vibrat ions  associated with 
the mot ion of  the H ( D )  atom. The vibration at v 4 appears 
to be almost resonant  with the 4v 9 vibration (see Fig. 5, 
b) and, despite the very weak coupling,  splitting o f  the 
Iv 4 vibrational level is -60  t imes greater than that of  the 
ground-state  level. The  vibration at v 5 goes far beyond 
the resonance r e ,  on, which decreases the splitting. The  
tv7--2v 9 resonance occurs  for the D N O  3 molecule in-  
stead of  the lvs - -2v  9 one for HNO3;  the splitting o f  the 
lv  7 vibrational level is -140 t imes greater than that o f  the 
ground-state level. 

Using Table  5, it is possible to trace o ther  changes 
in the splitt ings in isotopomers  o f  the H N O  3 molecule .  
The 180"/160" substi tut ion decreases the splitting in the 
ground state by a factor of  1.6, whereas  substi tut ion o f  
the o ther  two a toms  only slightly increases it. The  
maximum 15N/L4N isotope effect is observed for the l v  5 
vibrational level ,  whose  splitting decreases by a factor  o f  
1.61. Split t ings o f  the Iv3, Iv 7, and Iv 8 vibrational  levels 
exhibit a n o m a l o u s  t s O ' / t 6 0 "  isotope effects ( they in-  
crease by factors o f  1.88 and 2.86 and decrease by a 
factor- of--3~ 13, respec t ive ly) , -Vio la t ion  o f . the  l v s - - 2 v  9 
resonance due to this substi tution decreases the split t ing 
by a factor o f  75, whereas the isotope effect for the 
other  two O a toms  is only 0.75. 

In conc lus ion  let us note that  the procedure  sug- 
gested in this work  can be applied to a great variety o f  
complex nonr ig id  molecules  with one  la rge-ampl i tude  
coordinate.  Analysis  o f  tunnel ing dynamics  in the H N O  3 
molecule ,  t aken  as an example,  shows that the vibra-  
t iona l - tunnel ing  spect rum is well reproduced  in the 
framework o f  P I A  even in the presence o f  isolated 
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Fermi resonances.  It is h o p e d  that combina t ion  o f  
quan tum-chemica l  ca lcula t ions  and PIA will provide a 
universal approach to the analysis  of  molecu la r  rear- 
rangements  in most of  the  nonrigid molecules  and 
molecular  complexes s tudied to date. 

This work was supported by the Russian Founda t ion  
for Basic Research (Project  N o .  97-03-33687a).  
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